Abstract. Let C(n) be a complete intersection monomial curve in the 4-dimensional affine space. In this paper we study the complete intersection property of the monomial curve C(n + wv), where w > 0 is an integer and v ∈ N 4 . Also we investigate the Cohen-Macaulayness of the tangent cone of C(n + wv).
Introduction
Let n = (n 1 , n 2 , . . . , n d ) be a sequence of positive integers with gcd(n 1 , . . . , n d ) = 1. Assume that {n 1 , . . . , n d } is a minimal generating set for the numerical semigroup The ideal I(n) is generated by all the binomials x u − x v such that φ(x u ) = φ(x v ) see for example, [16, Lemma 4.1] . Given a polynomial f ∈ I(n), we let f * be the homogeneous summand of f of least degree. We shall denote by I(n) * the ideal in K[x 1 , . . . , x d ] generated by the polynomials f * for f ∈ I(n).
Deciding whether the associated graded ring of the local ring K[[t n1 , . . . , t n d ]] is Cohen-Macaulay constitutes an important problem studied by many authors, see for instance [1] , [6] , [9] , [10] , [14] . The importance of this problem stems partially from the fact that if the associated graded ring is Cohen ]/I(n) * , the Cohen-Macaulayness of the associated graded ring can be studied as the CohenMacaulayness of the ring K[x 1 , . . . , x d ]/I(n) * . Recall that I(n) * is the defining ideal of the tangent cone of the monomial curve C(n) defined parametrically by x 1 = t n1 , . . . , x d = t n d at 0. The case that K[[t n1 , . . . , t n d ]] is Gorenstein has been particularly studied. This is partly due to the Rossi's problem [13] asking whether the Hilbert function of a Gorenstein local ring of dimension one is non-decreasing. Recently, A. Oneto, F. Strazzanti and G. Tamone [12] found many families of monomial curves giving negative answer to the above problem. However Rossi's problem is still open for a Gorenstein local ring K[[t n1 , . . . , t n4 ]]. It is worth to note that, for a complete intersection monomial curve C(n) in the 4-dimensional affine space (i.e. the ideal I(n) is complete intersection), we have, from [14, Theorem 3.1] , that if the minimal number of generators of I(n) * is either three or four, then C(n) has Cohen-Macaulay tangent cone at the origin. The converse is not true in general, see [14, Proposition 3.14] .
In recent years there has been a surge of interest in studying properties of the monomial curve C(n + wv), where w ≥ 0 is an integer and v ∈ N d , see for instance [5] , [7] , [10] and [17] . This is particularly true for the case that v = (1, . . . , 1). In fact J. Herzog and H. Srinivasan conjectured that if n 1 < n 2 < · · · < n d are positive numbers, then the Betti numbers of I(n + wv) are eventually periodic in w with period n d −n 1 . The conjecture was proved by T. Vu [17] . More precisely, he showed that there exists w 0 ∈ N such that for w > w 0 the Betti numbers of I(n + wv) are periodic in w with period n d − n 1 . The bound w 0 depends on the CastelnuovoMumford regularity of the ideal generated by the homogeneous elements in I(n).
2 − n 1 the minimal number of generators for I(n + w(1, . . . , 1)) is periodic in w with period n d − n 1 . Furthermore, for every w > (n d − n 1 ) 2 − n 1 the monomial curve C(n + w(1, . . . , 1)) has Cohen-Macaulay tangent cone at the origin, see [10] and [15] . 4]) we find that the minimal number of generators for I(n + wv) is greater than or equal to 4 for every 0 < w ≤ 85. Thus I(n + wv) is not a complete intersection for every w > 0.
A binomial x ai i − j =i x uij j ∈ I(n) is called critical with respect to x i if a i is the least positive integer such that a i n i ∈ j =i Nn j . Let C(n) be a complete intersection monomial curve in the 4-dimensional affine space. Then, from [14, Proposition 3.2], after permuting variables, if necessary, there exists a minimal system of binomial generators S of I(n) of the following form:
3 } where at least two of v 1 , v 2 and v 3 are not zero.
In section 2 we focus on case (A). We prove that the monomial curve C(n) has Cohen-Macaulay tangent cone at the origin if and only if the minimal number of generators for I(n) * is either three or four. Also we explicitly construct vectors v i , 1 ≤ i ≤ 15, such that the monomial curve C(n + wv i ) is complete intersection for every w > 0, whenever the entries of n + wv i are relatively prime. Furthermore we show that if C(n) has Cohen-Macaulay tangent cone at the origin, then for every w > 0 the monomial curve C(n + wv 1 ) has Cohen-Macaulay tangent cone at the origin, under the condition that the entries of n + wv 1 are relatively prime. Finally we provide an infinite family of complete intersection monomial curves C m (n+wv 1 ) with corresponding local rings having non-decreasing Hilbert function for every w ≥ 0, although their tangent cones are not Cohen-Macaulay, thus giving a partial answer to Rossi's problem.
In section 3 we study the case (B). We construct vectors b i , 1 ≤ i ≤ 15, such that the monomial curve C(n + wb i ) is complete intersection for every w > 0, whenever the entries of n + wb i are relatively prime. Moreover, assuming that n 1 = min{n 1 , . . . , n 4 }, we show that if I(n) is complete intersection then there exists a vector d in N 4 such that the ideal I(n + wd) * is complete intersection for all w ≥ max{a3,a4} 2
, whenever the entries of n + wd are relatively prime.
The case (A)
In this section we assume that after permuting variables, if necessary, S = {x
4 } is a minimal generating set of I(n). First we will show that the converse of [14, Theorem 3.1] is also true in this case.
Without loss of generality we can assume that u 2 ≤ a 2 . In case that u 2 > a 2 we can write u 2 = ga 2 + h, where 0 ≤ h < a 2 . Then we can replace the binomial x . Without loss of generality we can also assume that u 3 ≤ a 3 . By [6, Theorem 7] a monomial curve C(n), where n 1 = min{n 1 , . . . , n 4 }, has Cohen-Macaulay tangent cone if and only if x 1 is not a zero divisor in the ring K[x 1 , . . . , x 4 ]/I(n) * . Hence if C(n) has CohenMacaulay tangent cone at the origin, then I(n) * : x 1 = I(n) * . Theorem 2.1. Suppose that u 3 > 0 and u 4 > 0. Then C(n) has Cohen-Macaulay tangent cone at the origin if and only if the ideal I(n) * is either a complete intersection or an almost complete intersection.
Proof. (⇐=) If the minimal number of generators of I(n) * is either three or four, then C(n) has Cohen-Macaulay tangent cone at the origin.
(
4 and let n 1 = min{n 1 , . . . , n 4 }. So a 2 < a 1 . Without loss of generality we can assume that a 3 < a 4 . We distinguish the following cases (1) u 2 < a 2 . Note that
∈ I(n). We will show that
∈ I(n) * : x 1 and therefore x u2 2 x a3−u3 3 ∈ I(n) * . Since S is a generating set of I(n), the monomial x 3 . But u 2 < a 2 and a 3 − u 3 < a 3 , so
}. We will prove that G is a standard basis for I(n) with respect to the negative degree reverse lexicographical order with . Therefore NF(spoly(f i , f j )|G) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (i, j) ∈ {(1, 2), (1, 3) , (1, 4) , (2, 4)}. We compute spoly(f 2 , f 3 ) = −f 4 , so NF(spoly(f 2 , f 3 )|G) = 0. Next we compute spoly(
∈ I(n). We will show that a 4 + u 4 ≤ u 1 + a 1 + a 3 − u 3 . Clearly the above inequality is true when u 3 = a 3 . Suppose that u 3 < a 3 and u 1 +a 1 +a 3 −u 3 < a 4 +u 4 , then x a3−u3 3 ∈ I(n) * : x 1 and therefore x a3−u3 3
} is a standard basis for I(n) with respect to the negative degree reverse lexicographical order with . Therefore NF(spoly(f i , f j )|H) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (i, j) ∈ {(1, 2), (1, 5) , (1, 6) , (2, 6)}. We compute spoly( } for a 4 + u 4 < u 1 + a 1 + a 3 − u 3 and by {x
Corollary 2.2. Let n 1 = min{n 1 , . . . , n 4 }. Suppose that u 3 > 0, u 4 > 0 and a 3 < a 4 .
(1) Assume that u 2 < a 2 . Then C(n) has Cohen-Macaulay tangent cone at the origin if and only if 
Theorem 2.3. Suppose that either u 3 = 0 or u 4 = 0. Then C(n) has CohenMacaulay tangent cone at the origin if and only if the ideal I(n) * is complete intersection.
Proof. It is enough to show that if C(n) has Cohen-Macaulay tangent cone at the origin, then the ideal I(n) * is complete intersection. Let n 1 = min{n 1 , . . . , n 4 }. Without loss of generality we can assume that a 3 < a 4 . Suppose first that u 3 = 0.
Then
} is a standard basis for I(n) with respect to the negative degree reverse lexicographic order with 2 is divided by x a2 2 , a contradiction. Then {f 1 , f 2 , f 3 } is a standard basis for I(n) with respect to the negative degree reverse lexicographical order with 
} is a standard basis for I(n) with respect to the negative degree reverse lexicographical order with x 4 > x 3 > x 2 > x 1 . Thus I(n) * is minimally generated by {x 4 }. Assume that u 2 < a 2 , then a 4 ≤ u 1 +u 2 and also {f 1 , f 2 , f 5 } is a standard basis for I(n) with respect to the negative degree reverse lexicographical order with x 4 > x 3 > x 2 > x 1 . Thus I(n) * is minimally generated by {x Given a complete intersection monomial curve C(n), we next study the complete intersection property of C(n + wv). By C(n + wv) we mean the monomial curve defined parametrically by x 1 = t n1+wv1 , . . . , x 4 = t n4+wv4 , where w ≥ 0 is an integer and v = (v 1 , . . . , v 4 ) ∈ N 4 . The following proposition will be useful in the proof of Theorem 2.6.
Suppose that gcd(n 1 , . . . , n 4 ) = 1. Then I(n) is complete intersection on the binomials
Proof. It is easy to see that B ⊂ I(n). We will show that f 1 is critical with respect to
We will show that l 4 = −detQ. It is well known that (adjQ)Q = (detQ)I 4 where adjQ is the adjoint of Q and I 4 is the 4×4 identity matrix. Since Q(n 1 , n 2 , n 3 , n 4 ) T = (0, 0, 0, 1)
T , we get that (adjQ)(0, 0, 0, 1) T = detQ(n 1 , n 2 , n 3 , n 4 ) T . Consequently the (1, 4)-th entry of adjQ equals (detQ)n 1 . Then
So l 4 = −detQ is an integer. Next we will show that l 2 is a non-negative integer. If l 2 < 0, then q < 0 a contradiction. Thus l 2 ≥ 0. Let
We have that (adjW )(0, 0, 0, 1) T = detW (n 1 , n 2 , n 3 , n 4 ) T . Consequently the (2, 4)-th entry of adjW equals (detW )n 2 . Then
Thus l 2 = −detW is an integer. Clearly if l 2 > 0, then r ≥ a 1 . Suppose that l 2 = 0. Then l 4 > 0 since r > 0. Furthermore q = −l 4 u 2 ≤ 0, so q = 0 and thus u 2 = 0. But then u 1 ≥ a 1 and therefore r ≥ a 1 . So f 1 is a critical binomial with respect to x 1 . By permuting the n i 's we can write −f 1 , f 2 and −f 2 in the form
2 . Thus the above arguments also prove that −f 1 is critical with respect to x 2 , f 2 is critical with respect to x 3 and −f 2 is critical with respect to x 4 . Finally we prove that I(n) is complete intersection on the binomials f 1 , f 2 and f 3 . We have that gcd(n 1 , n 2 ) = (a 3 u 4 + u 3 a 4 )gcd(a 1 , a 2 ) = a 3 u 4 + u 3 a 4 and gcd(n 3 , n 4 ) = (a 1 u 2 + u 1 a 2 )gcd(a 3 , a 4 ) = a 1 u 2 + u 1 a 2 . Note that u 1 n 1 + u 2 n 2 = (a 1 u 2 + u 1 a 2 )(a 3 u 4 + u 3 a 4 ) and u 3 n 3 + u 4 n 4 = (a 1 u 2 + u 1 a 2 )(a 3 u 4 + u 3 a 4 ) . Thus u 1 n 1 + u 2 n 2 = u 3 n 3 + u 4 n 4 = gcd(n 1 , n 2 )gcd(n 3 , n 4 ). By [3, Theorem 1] the ideal I(n) is complete intersection on f 1 , f 2 and f 3 . Theorem 2.6. Let I(n) be a complete intersection ideal generated by the binomials Proof. By [3, Theorem 4] n 1 = a 2 (a 3 u 4 + u 3 a 4 ), n 2 = a 1 (a 3 u 4 + u 3 a 4 ), n 3 = a 4 (a 1 u 2 + u 1 a 2 ), n 4 = a 3 (a 1 u 2 + u 1 a 2 ). Let v 1 = (a 2 a 3 , a 1 a 3 , a 2 a 4 , a 2 a 3 ) and consider the set
}. We have that n 1 + wa 2 a 3 = a 2 (a 3 (u 4 + w) + u 3 a 4 ), n 2 + wa 1 a 3 = a 1 (a 3 (u 4 + w) + u 3 a 4 ), n 3 + wa 2 a 4 = a 4 (a 1 u 2 + (u 1 + w)a 2 ) and n 4 + wa 2 a 3 = a 3 (a 1 u 2 + (u 1 + w)a 2 ). By Proposition 2.5 I(n+ wv 1 ) is complete intersection on f 1 , f 2 and f 4 whenever gcd(n 1 + wa 2 a 3 , n 2 + wa 1 a 3 , n 3 + wa 2 a 4 , n 4 + wa 2 a 3 ) = 1. Consider the vectors v 2 = (a 2 a 3 , a 1 a 3 , a 1 a 4 , a 1 a 3 ) , v 3 = (a 2 a 4 , a 1 a 4 , a 2 a 4 , a 2 a 3 ), v 4 = (a 2 a 4 , a 1 a 4 , a 1 a 4 , a 1 a 3 ), v 5 = (a 2 (a 3 + a 4 ), a 1 (a 3 + a 4 ), 0, 0) and v 6 = (0, 0, a 4 (a 1 + a 2 ), a 3 (a 1 + a 2 )). Similarly we have that I(n+ wv 2 ) is complete intersection on f 1 , f 2 and
whenever the entries of n + wv 2 are relatively prime, I(n + wv 3 ) is complete intersection on f 1 , f 2 and f 6 = x whenever the entries of n + wv 5 are relatively prime, and I(n + wv 6 ) is complete intersection on f 1 , f 2 and f 9 = x u1+w 1
4 whenever the entries of n + wv 6 are relatively prime. Finally consider the vectors v 7 = (a 2 (a 3 + a 4 ), a 1 (a 3 + a 4 ), a 2 a 4 , a 2 a 3 ), v 8 = (a 2 (a 3 + a 4 ), a 1 (a 3 + a 4 ), a 4 (a 1 + a 2 ), a 3 (a 1 + a 2 )), v 9 = (0, 0, a 2 a 4 , a 2 a 3 ), v 10 = (a 2 a 4 , a 1 a 4 , a 4 (a 1 + a 2 ) , a 3 (a 1 + a 2 )), v 11 = (a 2 a 3 , a 1 a 3 , a 4 (a 1 + a 2 ) , a 3 (a 1 + a 2 )), v 12 = (a 2 (a 3 + a 4 ), a 1 (a 3 + a 4 ), a 1 a 4 , a 1 a 3 ), v 13 = (0, 0, a 1 a 4 , a 1 a 3 ) , v 14 = (a 2 a 4 , a 1 a 4 , 0, 0) and v 15 = (a 2 a 3 , a 1 a 3 , 0, 0) . Similarly we can show that I(n+wv i ), 7 ≤ i ≤ 15, is complete intersection for all w > 0 whenever the entries of n+wv i are relatively prime. For instance I(n + wv 9 ) is complete intersection on the binomials f 1 , f 2 and x x 3 } is a standard basis for I(n + wv 2 ) with respect to the negative degree reverse lexicographical order with x 4 > x 3 > x 2 > x 1 . Thus I(n+wv 2 ) * is minimally generated by {x Theorem 2.9. Let n 1 = min{n 1 , . . . , n 4 } and I(n) be a complete intersection ideal generated by the binomials
Assume that the monomial curve C(n) has Cohen-Macaulay tangent cone at the origin. Then there exists a vector v in N 4 such that the monomial curve C(n + wv) has Cohen-Macaulay tangent cone at the origin for every w > 0, whenever the entries of n + wv are relatively prime.
Proof. Consider the vector v = (a 2 a 3 , a 1 a 3 , a 2 a 4 , a 2 a 3 ) . From Theorem 2.6 I(n + wv) is complete intersection on f 1 , f 2 and
. Suppose that a 3 < a 4 , then n 1 + wa 2 a 3 = min{n 1 + wa 2 a 3 , n 2 + wa 1 a 3 , n 3 + wa 2 a 4 , n 4 + wa 2 a 3 }. Without loss of generality we can assume that u 2 ≤ a 2 and u 3 ≤ a 3 . Suppose that u 3 > 0 and u 4 > 0. Assume that u 2 < a 2 . By Corollary 2.2 it holds that a 4 + u 4 ≤ u 1 + u 2 + a 3 − u 3 and therefore a 4 + (u 4 + w) ≤ (u 1 + w) + u 2 + a 3 − u 3 . Thus, from Corollary 2.2 again C(n + wv) has Cohen-Macaulay tangent cone at the origin. Assume that u 2 = a 2 . Then, from Corollary 2.2, we deduce that a 4 + u 4 ≤ u 1 + a 1 + a 3 − u 3 and therefore a 4 + (u 4 + w) ≤ (u 1 + w) + a 1 + a 3 − u 3 . By Corollary 2.2 C(n + wv) has Cohen-Macaulay tangent cone at the origin. Suppose now that u 3 = 0. Then
} is a standard basis for I(n + wv) with respect to the negative degree reverse lexicographic order with x 4 > x 3 > x 2 > x 1 . Thus I(n + wv) * is complete intersection and therefore C(n + wv) has Cohen-Macaulay tangent cone at the origin. Assume that u 2 < a 2 , then u 4 ≤ u 1 + u 2 and therefore u 4 + w ≤ (u 1 + w) + u 2 . The set {f 1 , f 2 , f 5 } is a standard basis for I(n + wv) with respect to the negative degree reverse lexicographical order with x 4 > x 3 > x 2 > x 1 . Thus I(n + wv) * is complete intersection and therefore C(n + wv) has Cohen-Macaulay tangent cone at the origin. Suppose that u 4 = 0, so
} is a standard basis for I(n + wv) with respect to the negative degree reverse lexicographic order with x 4 > x 3 > x 2 > x 1 . Thus I(n + wv) * is complete intersection and therefore C(n + wv) has Cohen-Macaulay tangent cone at the origin. Assume that u 2 < a 2 , then a 4 ≤ u 1 + u 2 and therefore a 4 + w ≤ (u 1 + w) + u 2 . The set {f 1 , f 2 , f 6 } is a standard basis for I(n + wv) with respect to the negative degree reverse lexicographical order with x 4 > x 3 > x 2 > x 1 . Thus I(n + wv) * is complete intersection and therefore C(n + wv) has Cohen-Macaulay tangent cone at the origin.
The next example gives a family of complete intersection monomial curves supporting Rossi's problem, although their tangent cones are not Cohen-Macaulay. To prove it we will use the following proposition. Example 2.11. Consider the family n 1 = 8m 2 +6, n 2 = 20m 2 +15, n 3 = 12m 2 +15 and n 4 = 8m 2 + 10, where m ≥ 1 is an integer. The toric ideal I(n) is minimally generated by the binomials
Consider the vector v 1 = (4, 10, 6, 4) and the family n
, then the toric ideal I(n ′ ) is minimally generated by the binomials
be the corresponding monomial curve. We will show that the Hilbert function of the ring
]] is nondecreasing. It suffices to prove that, for every w ≥ 0, the Hilbert function of
} is a standard basis for I(n ′ ) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Thus I(n ′ ) * is minimally generated by the set {x 
2 +w 4 and q 2 = x 2m 2 +w 1 x 2 x 3 . We apply Proposition 2.10 to the ideal J i for 0 ≤ i ≤ 2, so
Note that deg(q 0 ) = 2m 2 + w + 4, deg(q 1 ) = 2m 2 + w + 1 and deg(q 2 ) = 2m 2 + w + 2. In this case, it holds that
. We have that
Substituting all these recursively in Equation (2.1), we obtain that the Hilbert series of
(1 − t) 2 .
Since the numerator does not have any negative coefficients, the Hilbert function is non-decreasing.
The case (B)
3 } is a minimal generating set of I(n), where at least two of v 1 , v 2 and v 3 are not zero. First we prove the following result.
3 } be a set of binomials in K[x 1 , . . . , x 4 ] with a i > 1, 1 ≤ i ≤ 4, and at least two of v 1 , v 2 and v 3 are not zero. Assume that
Proof. It is easy to see that B ⊂ I(n). We will show that f 1 is critical with respect to x 1 . Consider a binomial
We will prove that r ≥ a 1 . The homogeneous system
has a nontrivial solution, namely n = (n 1 , n 2 , n 3 , n 4 ), thus the rows of the matrix of the above system are linearly dependent. So there are real numbers
We will show that l 3 is a non-negative integer. Clearly l 4 ≥ 0. If l 3 < 0, then s < 0 a contradiction. Thus l 3 ≥ 0. Since gcd(n 1 , . . . , n 4 ) = 1, there exist integers µ i , 1 ≤ i ≤ 4, such that 1 = µ 1 n 1 + µ 2 n 2 + µ 3 n 3 + µ 4 n 4 . Let
It holds that Q(n 1 , n 2 , n 3 , n 4 ) T = (0, 0, 0, 1) T , so (adjQ)(0, 0, 0, 1) T = detQ(n 1 , n 2 , n 3 , n 4 ) T . Thus the (1, 4)-th entry of adjQ equals (detQ)n 1 . Then
So l 3 = detQ is an integer. Next we will prove that l 2 is a non-negative integer. If l 2 < 0, then q < 0 a contradiction. Consequently l 2 ≥ 0. It remains to prove that l 2 is an integer. Let So λ 3 = detR is a negative integer. We will now show that f 3 is critical with respect to x 4 . Consider a binomial x 
